ABSTRACT This paper focuses on the observer-based leader-following formation tracking control for multirobot with obstacle avoidance. First, based on the leader-follower formation control method, setting the trajectory of the leader robot, then the follower robots track the leader robot. Second, an observer for the followers is designed to estimate the state of the leader robot, which can limit the estimation errors to a small value at short time-frame. Moreover, the gain controller and corrective controller are presented to complete the formation task and implement the trajectory transformation, respectively. In addition, an improved obstacle avoidance algorithm is devised to avoid the obstacles by adjusting the angle between the leader robot and the followers. Finally, the simulation results are presented to verify the effectiveness of the proposed control scheme. The main advantages of this paper are both an observer-based controller includes gain control and corrective control is developed for the nonlinear multi-robot system, and the obstacle avoidance problem during movement is solved with the optimal method.
I. INTRODUCTION
Recently, control problems of robot have gained a lot of attention and developed rapidly owing to their extensive applied space. A number of great theoretical significance results have been reported in the literature [1] - [5] . Formation control, an important part in the cooperative area of multi-robot have always been the hottest research topics. There are many approaches have been applied for both theoretical research and engineering applications, such as behavior-based [6] , potential field-based [7] , [8] , leader-follower [9] - [11] , graph theory-based [12] and virtual structure [13] , etc. To guarantee the consensus of position and direction for the multiple robots, a backstepping-based controller was put forward by Cao et al. [14] . In [15] , to figure out the indeterminate relative distance, robust adaptive controller was presented using the dynamic estimation of the distance between leader and followers. Xing et al. [16] designed the distributed nonlinear controller with fixed-time properties for the multi-robot system to solve the formation tracking problem. In [17] , a formation control approach was designed according to the distance and orientation for any arbitrary undirected communication graph.
In the past few years, observer has been widely applied to the formation control [18] - [21] . For example, augmented fuzzy observer was put forward in [22] to implement synchronous estimation of the system state and the disturbance term. In [23] , the integral action was incorporated into the observer controller to improve the formation tracking and observation performance. To guarantee the consensus of general linear multi-robot systems, observer-based event-triggered approach was presented by Wang et al. [24] . Wen et al. [25] developed the distributed controller based on a reduced-order state observer to track the high-dimensional leader robot. An adaptive observer-based sliding mode controller was applied in [26] to estimate the velocity from the position of noisy. In the existing results, there are few literatures to consider the sudden change of the given trajectory.
At present, obstacle avoidance is a key problem to be addressed urgently in multi-robot system. In practice, the robots must avoid colliding with other robots as well as with obstacles [27] , [28] . For instance, in [29] , Panagou and Kumar proposed the feedback control strategy that the leader completes obstacle avoidance whereas the followers ensure visibility maintenance of robots. In [30], particle swarm optimization was introduced to achieve the formation control without a significant increase for computational complexity. The artificial potential field approach and leader-follower formation method were combined together to complete obstacle avoidance by Wen et al. [31] . Mylvaganam and Sassano [32] designed the collision-free trajectories to satisfy the single-integrator dynamics by exploiting a differential game formulation. Comparing with obstacle avoidance algorithm in the literatures [29] - [32] , in this paper, not only the obstacle avoidance between the robots and the obstacles is discussed, but also the collision avoidance between robots is considered.
Motivated by the above analysis, in this paper, the position tracking and the obstacle avoidance for the multi-robot system are discussed. The main contributions of the research described are threefold. First, an observer is devised to estimate the state of the leader robot. Second, the formation controller which includes gain control and corrective control is presented to complete the formation task and implement the trajectory transformation. Finally, IOAA is proposed to avoid obstacle by adjusting the angle between the leader robot and the follower robots, which can decrease the allocation of time. 
II. LEADER-FOLLOWING FORMATION CONTROL A. LEADER-FOLLOWER KINEMATIC MODEL
The leader-follower formation model is shown in Fig. 1 . The discrete-time mathematical model of the robot R can be abstracted as:
where (x, y) denotes the position, θ is the orientation, v and ω express the linear velocity and angular velocity, T c represents the sampling period.
In this paper, the unicycle's center is associated with the world's reference frame. In Fig. 1 , ϕ i represents the view angle from the x-axis of the leader robot to the centroid of the follower robot, l means the distance between the center of the leader and the followers, and α n is the relative orientation of the leader robot and the follower robots, i.e., α n θ fn − θ l , n = 1, 2, 3, · · · , n.
B. THE NONLINEAR STATE ESTIMATOR
To design the controller for the leader-follower formation, the nonlinear multi-robot system can be written as :
where 
The filter estimation of the state vectorŝ k+1|k+1 and the output vectorQ k+1|k+1 are given by
where L k+1 shows the observer gain.
Assuming that the true state s k is close to the estimate stateŝ k|k . Expressing f k (s k , u k ) with the first order approximation as follows
. Defining the filter estimation error as e s k+1|k+1 and combining (2)-(6), we get
where
C. OBSERVER-BASED CONTROLLER
The control strategy is divided into two components, the gain control and the corrective control. The formation tracking controller can be designed to
where u k−1 and u k are the gain and the corrective components at the (k − 1) th sample time respectively. u k−1 and u k denote the incremental change in the gain part and the corrective component respectively.
1) GAIN CONTROL
The gain control signal u k−1 is designed. u k is equal to zero.
According to (5) and (6), (9) can be modified to
Defining the infinite regulator problem as
where H is positive semi-definite matrix and N denotes positive definite matrix.
where ε is a positive scalar. Assumption 2: The system is completely observable for the pair (A k , B k ). The system is completely controllable for the pair (A k , C k+1 ).
Under the assumption 1 and 2, the minimization of (12) subject to (11) , getting the linear-quadratic optimum control
and π k−1 is the solution of the Riccati matrix differential equation as follows
Substituting (13) into (10) produce
2) CORRECTIVE CONTROL If the imposed constraint (2) is not satisfied, defining the static optimization problem as follows:
where W and M are positive definite matrices,s k+1 denotes the desired state vector with respect to u k ,P (s k+1 ) represents the subset violated constraints, andp k+1 indicates the violated time function. Let the state vectors k+1 = s k+1 + s k+1 , and there is
The constraints function can be expressed as follows:
∂s k . The Lagrangian of the optimization problem (17) can be constructed as
Let ∂L ∂ u k = 0, we get
Combing (21) and (22), it becomes
The state vector satisfies (17) is given by
D. STABILITY ANALYSIS OF THE MULTI-ROBOT SYSTEM
In this section, the stability of the multi-robot system is investigated. The subscript ''eq'' denotes the equilibrium point. Assumption 3: The equilibrium points s eq is controllable and observable for the multi-robot system.
From the assumption 3 to have lim
where A c is the closed loop matrix at the equilibrium s eq , and u eq shows the steady state value of u k , with u −1 = 0.
Combing (8) and (13), the closed loop control signal u k can be reduced to
where j, l are the starting sample point at the gain and the corrective control action, respectively. G k and ℘ k are gain matrix with adjustable elements. Defining the error between the state s k and the balance points s eq :
Thus, one obtains
Let K k =K k −K eq . Defining the deviation δu k :
Substituting (25) into (28) produce
The state vector s k+1 can be related as
whereθ k represents the higher order terms in the Tailor series expansion. Let s eq = f s eq , u eq , δs k+1 can be expressed by
Defining e s k|k = s k −ŝ k|k , and combining (7), we get
Combining (31) and (32) produce
The homogenous equation of (34) can be written as
Assumption 4: The matrix lim k→∞ E ς eq + χ k = ς eq is a constant matrix, the solution of (34) remains bounded as k goes to infinity.
Theorem 1: Under the Assumption 1-4, the proposed observer-controller (8) can make the solution of (33) remains bounded. The convergences of the estimation error e s k|k and the position deviation δs k are guaranteed. The multi-robot system (2) is asymptotically stable.
Proof: From the assumption 4 to have that (34) is bounded, so there is c 1 for k ≥ 0 to satisfy that
The transformation of (34) is equal to
The solution of (33) can be written as
Let
Combing (35) and (37), one obtains
According to Bellman-Gronwall inequality, (38) becomes
This shows that the non-homogenous equation (33) is bounded. Since the designed closed loop matrices are asymptotically stable, it follows that
where 0 < τ < 1 and k ≥ K . Similar to (35)-(40), (33) can be modified by
Since lim
Therefore, the estimation error e s k|k and the position deviations δs k can converge to zero. The multi-robot system (2) is locally exponentially stable.
Remark 1: In the existing results, there are few literatures have considered the sudden change of the given trajectory. In this paper, the proposed observer-based controller (8) which contains gain control and corrective control can guarantee the stability of the formation for the multi-robot system during trajectory transformation.
III. OBSTACLE AVOIDANCE
In this section, the obstacle avoidance of the multi-robot system is considered. Assuming that the formation has been formed before encountering an obstacle. The distance between the leader and the followers are l 1 = 1.5m and l 2 = 1.7m. The detection range can be divided into five parts according to the size of formation as shown in Fig. 2 . Where d l is the maximum measured value of the transducer, d r is the radius of robot, the range of values for each part can be described as Table. 1.
The safe threshold d s is set to avoid collision, i.e. the minimum distance between robot and obstacle or between robots. The IOAA is as follows:
Step 1: Calculating the relative state s l ob = x l ob y l ob θ l ob T between the leader robot and the obstacles.
Step 2: Comparing y l ob with the range of values for five parts in Table. 1, and obtaining the regional distribution of obstacles.
Step 3: If obstacles appear in part one, the leader plans path to avoid collisions. Then stop. Else go to step 4.
Step 4: If obstacles are founded in part two and three,
. Else go to step 8.
Step 5: If l d < 0, the formation becomes a single column as Fig. 3(a) . Then stop. Else go to step 6.
Step 6: If obstacles lie in part two, increasing the value of
Then stop. Else go to step 7.
Step 7: Decreasing ϕ 2 until ϕ 2 ≤ π − sin
satisfied. Then stop.
Step 8: The formation and the path of the robot system remain unchanged. Then stop.
Remark 2: If the distance between the follower robots is too short in Fig. 3(b) , it is necessary to add a constraint as follows in step 6 and 7 to avoid collision between robots: Comparing with obstacle avoidance algorithm in the literatures [29] -[32], the main differences in this paper can be described as follows: 1) not only the obstacle avoidance between the robots and the obstacles is discussed, but also the collision avoidance between robots is considered.
2) The algorithm considers three different situations that could encounter in the process of obstacle avoidance and puts forward the optimal obstacle avoidance method correspondingly. In particular, the IOAA avoid obstacles by adjusting the angle between the leader and the followers, which can decrease the allocation of time compare to changing the formation and can short the distance compare to bypassing obstacles as a whole.
IV. SIMULATION
Simulations have been performed to demonstrate the validity of the proposed formation control method. Dividing the simulation into three parts.
The formation considered one leader robot and two follower robots. Let
T , the estimators are assumed to beŝ f 1 (0) = 1.09 2.14 2π/3 T ,ŝ f 2 (0) = 2.24 1.08 π/3 T . The weighting matrices of the cost function (14) are H = 10I 3 , N = 10I 2 , the cost function (20) are W = diag 1 1 1 , M = diag 100 10 . The sampling period is T c = 0.01s. In the first part, considering only the gain control. The following velocity are assigned to the leader robot: the subsequent movement. Fig. 5(a) illustrates the estimation errors between the actual state and the estimated state of the follower robots. Fig. 5(b) shows the position deviations between the actual state and the equilibrium state of the follower robots. It confirms the theoretical conclusion in Theorem 1 and indicates that the proposed algorithm enables the follower robots track the leader.
In the second part, considering both the gain control and the corrective control. In gain control part, the velocities of the leader robot are
After adding corrective control, the velocities arē (2) is not satisfied. The convergence of the estimation errors and position deviations was confirmed in Fig. 7 .
In the third part, the obstacle avoidance is considered. Setting the position of the obstacles x ob1 = 5.1 6.7
T and x ob2 = 11.5 5.3 T , The safe threshold d s = 0.6m. Fig. 8 demonstrates the trajectories of obstacle avoidance for multi-robot system. In the initial phase, three robots maintain triangle formation and the leader R l can be traced by the follower R f . The formation is changed according to the value of distance and angle between leader robot and follower robots, i.e., (l 1 , ϕ 1 )
T and (l 2 , ϕ 2 ) T . Avoiding obstacles by adjusting the angle ϕ 1 and ϕ 2 of robots. 
V. CONCLUSION
This paper proposed an observer-based trajectory tracking strategy for the multi-robot. First, the leader robot followed the given trajectory and the followers tracked the leader according to the formation control law. An observer was devised to estimate the state of the leader robot. Then, gain control and corrective control were presented. The former completes the formation task and the latter implements the trajectory transformation. Moreover, the stability theorem was obtained to prove the convergence of the estimation errors and the position deviations. In addition, the IOAA for the multi-robot system was designed to reduce the time allocation of obstacle avoidance. The IOAA was implemented by adjusting the angle between the leader robot and the followers. Finally, simulation results were presented to verify the effectiveness of the proposed control scheme. Future research for multi-robot formation control include the study of the path planning based on fractional-order controller.
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